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Abstract. In this work, we introduce a noncommutative analogue of the Figa-Talamanca-Herz 
algebra A P (G) on the natural predual of the operator space 9Jl p ,cb of completely bounded Schur 
multipliers on the Schatten space S p . We determine the isometric Schur multipliers and prove that 
the space 9Jt p of bounded Schur multipliers on the Schatten space S p is the closure in the weak 
operator topology of the span of isometric multipliers. 
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1. Introduction 

The Fourier algebra A(G) of a locally compact group G was introduced by P. Eymard in [5]. The 
algebra A(G) is the predual of the group von Neumann algebra VN(G). If G is abelian with dual 
group G, then the fourier transform induces an isometric isomorphism of L\{y) onto A(G). In |10j . A. 
Figa-Talamanca showed, if G is abelian, that the natural predual of the Banach space of the bounded 
Fourier multipliers on L p (G) is isometrically isomorphic to a space A p (G) of continuous functions on 
G. Moreover A 2 (G) = A(G) isometrically. In [T2] and [9], C. Herz proved that the space A p (G) is a 
Banach algebra for the usual product of functions (see also [H]). Hence A p (G) is an i p -analogue of 
the Fourier algebra A{G). These algebras are called Figa-Talamanca-Herz algebras. In [23], V. Runde 
introduced an operator space analogue OA p (G) of the algebra A p (G). The underlying Banach space 
of OA p (G) is different from the Banach space A p (G). Moreover, it is possible to show (in using a 
suitable variant of jT5J Theorem 5.6.1]) that OA p (G) is the natural predual of the operator space of 
the completely bounded Fourier multipliers. We refer to [5], [BJ, [E] an d [IS] for other operator space 
analogues of A P {G). 

The purpose of this article is to introduce noncommutative analogues of these algebras in the 
context of completely bounded Schur multipliers on Schatten spaces S p . Recall that a map T; S p S p 
is completely bounded if Ids p <8> T is bounded on S P (S P ). If 1 ^ p < oo, the operator space CB(S P ) 
of completely bounded maps from S p into itself is naturally a dual operator space. Indeed, we have a 
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completely isometric isomorphism CB(S P ) — (S P ®S P *)* where ® denote the operator space projective 
tensor product. Moreover, we will prove that the subspace 9Jt p . c b of completely bounded Schur mul- 
tipliers is a maximal commutative subset of CB(S P ). Consequently, the subspace 9H PjC fc is w*-closed 
in CB(Sp). Hence 9Jt PiC & is naturally a dual operator space with 9Jt p , c 6 = (S p <giS p * / (9ft P)C b) • If we 
denote by tp p : Spig>S p * — > S\ the map (A,B) i-> A* B, where * is the Schur product, we will show 
that (2tp,cb)± = Keri/y Now, we define the operator space 5H P , C 6 as the space Im^ equipped with 
the operator space structure of S P ®S P * /Kei ijj p . We have completely isometrically (9\ p , c b) — 9tt P ,ch- 
Moreover, by definition, we have a completely contractive inclusion U\ p , c b C Si. Recall that elements 
of Si can be regarded as infinite matrices. Our principal result is the following theorem. 

Theorem 1.1. Suppose 1 p < oo. The predual £H PiC {, of the operator space 9Jt p . c b equipped with the 
usual matricial product or the Schur product is a completely contractive Banach algebra. 

In [27] and [17], R. S. Strichartz and S. K. Parott showed that if 1 ^ p ^ oo, p ^ 2 every 
isometric Fourier multiplier on L P (G) is a scalar multiple of an operator induced by a translation. In 
[TU] . A. Figa-Talamanca showed that the space of bounded Fourier multipliers is the closure in the 
weak operator topology of the span of these operators. We give noncommutative analogues of these 
two results. 

Theorem 1.2. 1. Suppose 1 ^ p ^ oo. If p ^ 2, an isometric Schur multiplier on S p is defined by a 
matrix [atbj] with a,i,bj £ T. 
2. Suppose 1 ^ p < oo. The space 9H P of bounded Schur multipliers on S p is the closure of the span 
of isometric Schur multipliers in the weak operator topology. 

The paper is organized as follows. 

In §2, we fix notations and we show that the natural preduals of 9Jt p and 9Jt p , C 6 admit concrete 
realizations as spaces of matrices. We give elementary properties of these spaces. 

In §3, we show that the operator space 9\ PiC b equipped with the matricial product is a completely 
contractive Banach algebra. 

In §4, we turn to the Schur product. We observe that the natural predual 9\ p of the Banach 
space dJl p of bounded Schur multipliers is a Banach algebra for the Schur product. Moreover, we show 
that the space 5H PjC b equipped with the Schur product is a completely contractive Banach algebra. 

In §5, we determine the isometric Schur multipliers on S p and prove that the space 97t p is the 
closure in the weak operator topology of the span of isometric multipliers. 

2. Preduals of spaces of Schur multipliers 

Let us recall some basic notations. Let T = {z € C | \z\ = 1} and the symbol of Kronecker. 

If E and F are Banach spaces, B(E, F) is the space of bounded linear maps between E and 
F. We denote by ® 7 the Banach projective tensor product. If E, F and G are Banach spaces we 
have (E ® 1 F)* — B(E,F*) isometrically. In particular, if E is a dual Banach space, B(E) is also a 
dual Banach space. If (Eq,Ei) is a compatible couple of Banach spaces we denote by {Eq,Ei)q the 
intermediate space obtained by complex interpolation between Eq and E\ . 

The readers are refereed to [3] , [7] , [H] and [33] for the details on operator spaces and completely 
bounded maps. We let CB(E, F) for the space of all completely bounded maps endowed with the 
norm 

\\T\\ E ^F,cb = sup \\ld Mn (8) u\\ Mn(E) ^. Mn(F y 
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When E and F are two operator spaces, CB(E, F) is an operator space for the structure corresponding 
to the isometric identifications M n (CB(E, F)j — CB[E,M n {Fy\. The dual operator space of E is 
E* = CB(E,C). If E and F are operator spaces then the adjoint map T H> T* from CB(E,F) into 
CB(F* , E*) is a complete isometry. 

If / is a set, we denote by Cj the operator space B(C, and by Ri the operator space B{l^ C). 
We have a complete isometry B(e$) = CB{Ci) (see [3J (1.14)]). 

The complex interpolated space between two compatible operator spaces Eq and E\ is the usual 
Banach space Eg with the matrix norms corresponding to the isometric identifications M n (Eg) = 
(M n (Eo), M n (Ei)) g . Let F , Fx be two other compatible operator spaces. Let tp: E + E\ — > F + i*i 
be a linear map. If tp is completely bounded as a map from Eq into -Fb, and from E\ into F\, then, 
for any ^ 6 ^ 1, tp is completely bounded from .Eg into Fg with 

IMU.Ej,-^ < (llvllcb.Bo^Fo) 1 (|MU„Ei-hFi) • 

If £o H i?i is dense in both Eq and E\ , we have a completely contractive inclusion 

(CBiEo^CBiEifigCCBiEe) 

(see [TTJ Lemma 0.2]). 

We denote by ® the operator space projective tensor product, by ® m i n the operator space 
minimal tensor product, by (E>h the Haagerup tensor product, by (g> CT /j the normal Haagerup tensor 
product, by (8) the normal spatial tensor product, by ® w *h the weak* Haagerup tensor product and 
by <S>eh the extended Haagerup tensor product (see [3], [S] and [H]). Suppose that E,F,G and 
are operator spaces. If tp: E F and ip: G — > H are completely bounded maps then the maps 
tp (8) ip : E (Sift G — » F (g)/t -ff and tp®ip: E®G — > F®H are completely bounded and we have 

||</> ® V'llcfe.BlBihG-^Figihi? < IMU.E-KFHV'IU.G-Kff 

and 

H^®^llc6,EgG->FgH < I|¥'I|c6,£;^f||V ! I|c6,G^H. 

If E, F are operator spaces, we have E ®/i F C E <8> w *h F completely isometrically (see [3] page 

43). 

If E, F and G are operator spaces, we denote by CB(E x F, G) the space of jointly completely 
bounded map. We have 

CB(E x F, G) = CB(E%F, G) = CB(E, CB(F, G)) 

completely isometrically. Consequently, we have (E®F) = CB(E, F*) completely isometrically. In 
particular, if E is a dual operator space, CB(E) is also a dual operator space. 
At several times, we will use the next easy lemma left to the reader. 

Lemma 2.1. Suppose E and F are operator spaces. Let V: E — > F and W : F — > E be any completely 
contractive maps. Then the map 

Qv.w ■ CB(E) — > CB(F) 
T i — > VTW 

is completely contractive. Moreover, if E and F are reflexive then this map is also w*- continuous. 
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A Banach algebra A equipped with an operator space structure is called completely contractive 
if the algebra product (a, 6) — > ab from A x A to A is a jointly completely contractive bilinear map. 

We equip i 1 ^ with its natural operator space structure coming from its structure as a C*-algebra 
and the Banach space £{ with its natural operator space structure coming from its structure of predual 

If / is an index set and if E is a vector space, we write Mj(-E) for the space of the I x I matrices 
with entries in E. We denote by M^ n (E) the subspace of matrices with a finite number of non null 
entries. For / = {1, . . . ,n}, we simplify the notations, we let M n (E) for M{i i ... j „}(£'). We write Mg n 
for M^ n (C). We use the inclusion M 7 ® Mj C M lxl with the identification [A ® B](t >r ),(„ jS ) = a tu b rs . 
For all i, j, k,l € I, the tensor <g) e/y identifies to the matrix [5it#ju<5fc r £zs](t,r),(u,s)e/x.f (see [7] page 
5 for more information on these identifications). 

Given a set /, the set Vf(I) of all finite subsets of / is directed with respect to set inclusion. For 
J £ Vf(I) and A £ Mj, we write Tj(A) for the matrix obtained from A by setting each entry to zero 
if its row and column index are not both in J. We call (7j(A)) m ^ ne ne ^ °f finite submatrices 
of A. 

The Schatten-von Neumann class Sp, 1 $J p < oo, is the space of those compact operators A 
from ^2 hito t\ such that || A|| s j = ( Tr (A* A) * ) p < oo. The space 5^ of compact operators from £2 
into ^2 is equipped with the operator norm. For I = N, we simplify the notations, we let S p for Sp. 
The space S^fS^A of compact operators from i\ ® 2 into £3 ®2 £2 * s equipped with the operator 
norm. If 1 ^ p < 00, the space Sp(Sp) is the space of those compact operators C from t\ <S>2 into 

4<g) 2 ^f such that ||C||<y/( S K) = ((Tr (g>Tr)(C*C)l) * < 00. 

Elements of Sp are regarded as matrices A = [dij]i,j^i of Mj. If A € Sp we denote by A T 
the operator of whose the matrix is the matrix transpose of A. If 1 ^ p ^ 00, A £ Sp and 
B £ S*,, the operator AB T belongs to Sf. We let (A, B) s ^ s i^ = Tr (AB T ). We have (A, -B) s^g', = 

Iin vEi,j ./"<A,- 

We equip S^ with its natural operator space structure coming from its structure as a C*-algebra. 
We equip S( with its natural operator space structure coming from its structure as dual of S^. If 

1 < p < 00, we give on Sp the operator space structure defined by Sp = (S , ^ oJ S'f)i completely 

p 

isometrically (see [53] page 140 for interesting remarks on this definition). By the same way, we define 
an operator space structure on Sp~(Sp). We have completely isometrically Sp(Sp) = Sp (Sp) = 
Sp XK . We will often silently use these identifications. By the same way, we define Sp (S^ (Sp )) and 
similar operator space structures. G. Pisier showed that a map T: Sp~ — > Sp is completely bounded if 
Ids p <8> T 1 is bounded on SpySp) (see [21| Lemma 1.7]). The readers are refereed to |21j for the details 
on operator space structures on the Schatten-von Neumann class. 

We denote by * the Schur (Hadamard) product: if A = [aij]i,j^i and B = \bij\i.jei are matrices 
of Mj we have A * B = [aijbij]i,jei- We recall that a matrix A of Mj defines a Schur multiplier Ma 
on Sp if for any B £ Sp" the matrix Ma(B) = A* B represents an element of Sp. In this case, by the 
closed graph theorem, the linear map B H> Ma(B) is bounded on Sp. The notation dJl p stands for 
the algebra of all bounded Schur multipliers on the Schatten space Sp~. We denote by 97tp cb the space 
of completely bounded Schur multipliers on Sp . We give the space £01^ cb the operator space structure 
induced by CB(S^). For I = N, we simplify the notations, we let M p for and M PtCb for 9Jl* c5 . 
Recall that if A e S£, we have M A e 9Jt£ (see [3] page 225). 



Noncommutative Figa-Talamanca-Herz algebras 



5 



If M c £ M'p, we have M c e 07l£„. Moreover, if A e «S£ and S e <S£», we have 

(M C (A),B) SI sJ =<A,Afcf(fl)> SJS/ • 

P ' p* P ' p* 

If 1 ^ p < oo, the Banach spaces Wlp and 9JTp* are isometric and the operator spaces DJlp cb and cb 
are completely isometric. We have SUl^ = DJl 1 ^ cb isometrically (see e.g. [TH Remark 2.2] and [13l 
Lemma 2]). Moreover, we have 50?^ cb = i 1 ^ ® w *h ^io completely isometrically (see e.g. Theorem 
3.1]) and 3K| = t 1 ^ 1 isometrically. 

If Ma G 9Jtp is a Schur multiplier, we have ll-^TXA)!!^^/) ^ IIMa||b(s^) f° r an Y finite subset J 
of I. Moreover, if Ma G 2tp. c b, we have for any finite subset J of I the inequality ||-^Tj(A) ^ 
\\ m a\\cb(s' v )- 

It is well-known that the map (A, B) n> A* B from S* x 5^. into is contractive. In order to 
study the preduals of 971^ and DJlp cb , we need to show that this map is jointly completely contractive. 

Proposition 2.2. Suppose 1 ^ p ^ oo. The bilinear map 

Sp x Sp* y S-^ 
( A, B) i — > A * B 

is jointly completely contractive. 

Proof. We denote ft: l\-^r i 1 ^ the canonical contractive map. We have 

WPWcb&i-t-ti, = WPhl-^ei, < 1 and II^IU.-r,-^ = WPWei^ < 1 

(see [3 (1.10)]). Then by tensoring, the map Cj 0/, i?/ — > ^ 0/, £^ is completely contractive. Now 
recall that we have a completely isometric canonical map l 1 ^ ®h iio an d a completely isometric 

map T^T* from CB(S^) into CB(S{). Then the map 

s£, = C/® h iij — > — > an*, — > cfl(sf) 

ejj 1 — > e i ®e ] 1 — ► M Czj 1 — > M eij 

is completely contractive. This means that the map A 1— > Ma from S^ into CB{S[) is completely 
contractive. Then the map (A, B) t—> A* B from x 5f into 5{ is completely jointly contractive. By 
the commutativity of * and £g>, the map from S[ x S^ into S[ is also completely jointly contractive. 
Finally, we obtain the result by bilinear interpolation (see page 57 and [5] page 96). □ 

Then we can define the completely contractive map 

S^Si, — > si 

A®B 1 — > A*B. 

As Sp <g) 7 Sp. embeds contractively into Sp®Sp*, the map tpp induces a contraction from Sp <X> 7 Sp, 
into S[ , which we denote by (p^. We let tp p = 1pp. The following theorem (and the comments which 
follow) is a noncommutative version of a theorem of Figa-Talamanca [TU] . This latter theorem states 
that the natural predual of the space of bounded Fourier multipliers admits a concrete realization as a 
space A p (G) of continuous functions on G. In the sequel, we consider the dual pairs CB(Sp~), Sp®Sp* 
and B(Sp), Sp ® 7 SL where 1 < p < 00. 
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Theorem 2.3. Suppose 1 ^ p < oo. 

1. The pre-annihilator (371^ cb ) ± of the space DJlp cb of completely bounded Schur multipliers on 
is equal to Keripp. We have a complete isometry SJl^ cb — (Sp®Sp* /Ker ipp)* ■ 

2. The pre-annihilator (371^) ± of the space 371^ of bounded Schur multipliers on Sp is equal to 
Ker ifip. We have an isometry dJlp = (S^ (g> 7 Sp. /Ker ipj^* . 

Proof. We will only prove the part 1 . The proof of part 2 is similar. Let C = Y?k=i ® B k G Sp <g> Sp» . 
Note that, for all integers k, we have Ma u G 9#p- If i,j are elements of I we have 

{M eij ,C) CB[sl)sl ~ SI ^ = / Met] ,J2A k ®B k \ 

\ k=1 I CB(sp,Sl®S' p * 




By continuity, if C E Sl®SL, we have (M e C) . n „ lS „, = ipl(C) . We deduce that, if 
C G Ker^p and M D G M^ cb , we have for all J G 

( M Tj(D),C) CB{S ! )S j §s ^ =0. 

Now, it is easy to see that we have M rj ^ -y> Md in CB(Sp) (i.e., for all A E S^, we have 
M r/(jD) (A) M D (,4)). Then M T;(jD) -y> M D in CB{S I p ). Moreover, recall that, for all J E V f {I), 

we have ||M-7^(£>) || , < II-^-dIIot' • Thus M-j-j{d) Md- Consequently, if C E Ker?/>p and 

p ,cb P > c ^ J 

M D E fflp cb we have 

(M D ,C) CB(slysL§)SL = \im{M Tj(D) ,C) CB{SI s ,~ sl = 0. 



Thus we have Ker-0p C (9ttp ;Cb ) ± - Now we will show that (Kcr^)^ C M ! p cb . Suppose that T E 

(Keripp) ± . If i, j, k, I are elements of I such that (i, j) ^ (k, I), the tensor e k i belongs to Ker?/>p. 
Therefore we have 

(T(eij),eki) s ^ s ^ = (T,eij ® e «)cB(s^),s^gsj, 
= 0. 
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Hence T is a Schur multiplier. We conclude that (Ker^) C DJlp cb . Since Ker^ is norm-closed in 



Sp(%>Sp, we deduce that 



(mi cb ) ± C ((Ker^-M =Ker^ 



Then the first claim of part 1 of the theorem is proved. 

Now, we will show that 971^ cb is a maximal commutative subset of CB(Sp). Let T: S* — > Sp be 
a bounded map which commutes with all Schur multipliers M eij : Sp — > Si where i,j £ 7. Then, for 
all i,j, k,l £ I such that ^ (k, I) we have 



{T(e lj ) 1 e k i) j = (TM ew (e y ), e H ) , r 

p ' p* p ' p* 

= {^e lj T{e ij ),e k i) SI s j 

V ' p* 

= (r(e 4i ),Af ei3 (e fci )) s/ s j 

p ' p* 

= 0. 

Hence T is a Schur multiplier. This proves the claim. Then DJlp cb is weak* closed in CB(Sp). We 
immediately deduce the second claim of part 1 of the theorem. □ 

If 1 ^ p < oo, we define the operator space dip cb as the space Imijjp equipped with the operator 
space structure of Sp®Sp, /Kevipp. We let Dl PtC b = Dip c &- We have completely isometrically (Dip cb )* — 
DJlp cb . By definition, we have a completely contractive inclusion Dip cb C S[. We define the Banach 
space Dip as the space Im <pl equipped with the norm of Sp <g> 7 Sp* /Ker tp 1 . We let 9t p = Dip. We have 
isometrically (9^)* = 0Jt£. 

By duality, well-known results on DJlp and DJlp cb translate immediately into results on Dip and 
Dlp cb . If 1 ^ p < oo, there is a contractive inclusion Dip C Dip cb . If 1 < p < oo, the Banach spaces 91^ 
and 5Kp, are isometric and the operator spaces Dlp cb and CH^, c6 are completely isometric. We have a 
completely isometric isomorphism 



cb 



(2.1) 



and isometric isomorphisms 



and 

67 67 I ^ Ci 



2,cb 



Suppose 1 $J p $J g ^ 2, we have injective contractive maps 

aK( c an* c anj c an£ and 9Jt[, c6 c 9K p>o6 c anJ iC6 c an£ iC6 

(see [IT] page 219). One more time, by duality, we deduce that we have injective contractive inclusions 
£R£ C 9t£ C OT£ C 9tf and 9^ )C6 c 9^ iCb C C D\{ iCh . 

Actually, the last inclusions are completely contractive. It is a part of Proposition 12.71 

Suppose 1 ^ p < 00. By a well-known property of the Banach projective tensor product, an 
element C in S{ belongs to Dip if and only if there exists two sequences {A n ) n ^i C Sp and (B n ) n ^i C 
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Sp* such that the series J2t,=i ^« ® B n converges absolutely in Sp(£>Sp* and C — J2n=i A n * B n in 
S[. Moreover, we have 



H-oo +00 



|C||^=inf J2\\A n \\ S i\\B n \\ s i t \C=J2A n *BA (2.2) 



n=l 



where the infimum is taken over all possible ways to represent C as before. We observe that we have 
an inclusion Mf n C W p . It is clear that Mf n is dense in W p and W pcb . 

Remark 2.4. The Banach spaces dR p and 9Jl p cb contain the space t 1 ^. We deduce that, if / is infinite, 
the Banach spaces 9Jtp\ 371* cb , St* and Dl p cb are not reflexive. 

Now we make precise the duality between the operator spaces 97?* cb and D\ p cb on the one hand 
and the Banach spaces 97t* and 9t* on the other hand. Moreover, the next lemma specifies the density 
of Mf n in <K* and 9t* cfe . 

Lemma 2.5. Suppose 1 p < 00. 

1. If J is a finite subset of I, the truncation map Tj: cb — > 9i* cb is completely contractive. 
Moreover, if A £ 91* cb , we have in Dip cb 

Tj(A) A. (2.3) 

2. For any completely bounded Schur multiplier Ma G 971* cb and any B G 9t* cb , we have 

(Ma,B) lim "<A,- ( 2 - 4 ) 

i,j£j 

3. If J is a finite subset of I, the truncation map Tj ■ 9^* — > 9^* is contractive. Moreover, if A £ 9^*, 
we have Tj(A) -y A in $R*. 

4- For any bounded Schur multiplier Ma 6 97t* and any B G 9^, we have (Ma, B)^ xi kj = 
lim a H b v- 

Proof. We only prove the assertions for the operator space 91* cb . If i, j are elements of I and Ma G 
9Jlp c6 , we have 

p,cb' ! p,cb p 

= (M A (e i j),e ij ) j j 
p ' p* 

= ajj . 

Then we deduce that, for all M A G 97t* cb and all B G Mf n , we have (M A , 7 = Y,ijei a ij b ij- 

Now, it is not difficult to see that, for any finite subset J of /, the truncation map Tj ■ Sp — > S p 
is completely contractive. Then, it follows easily that the truncation map Tj : 9Jl£ c & — > ^p c b 1S 
completely contractive. Hence, by duality and by using the density of Mf n in d\ p cb , we deduce that 
the truncation map Tj : ?i* cb — I 9^* cb is completely contractive. Furthermore, by density of M^ n in 
9^* cb , it is not difficult to prove the assertion (|2.3|) . Finally, the equality (|2 .4[) is now immediate. □ 



p , CD ' p , CO 
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Finally, we end the section by giving supplementary properties of these operator spaces. For 
that, we need the following proposition inspired by [El Proposition 2.4]. If x,y G K, we denote 
by M x>y : Sp — > Sp the Schur multiplier associated with the matrix [e txr e lys ] r seI of Mj and by 
M XtV : Sp — ► Sp the Schur multiplier associated with the matrix [e~ lxr e~ lys ~\ r s of M/. It is easy to 

see that, for all x, y G R, the maps M x<y : Sp — > Sp and M I|S : Sp — » Sp are completely contractive. 
We denote by dx the normalized measure on [0, 2ii\. 



Proposition 2.6. Suppose 1 ^ p ^ oo. The space DJlp cb of completely bounded Schur multipliers on Sp 
is 1-completely complemented in the space CP>(Sp). 

Proof. Let T : Sp — > S 1 ^ be a completely bounded map. For any A G MJ n the map 



[0, 2tt] x [0, 2tt] 



M X , 3/ TM X , 3/ (A) 



is continuous and we have 



M Xi yTM Xi y (A)dxdy 







* / / 


M x , y TM x<y {A) 


S ! JO JO 





dxdy 



io Jo 
< \\T\\si^s'\\Msl 



M x ,y\\ SI ^ SI J\T\\ s ^ s ^\\M x ,y\\ SI ^ SI J\A\\ S i i dxdy 



By the previous computation, we deduce that there exists a unique linear map P(T) : Sp — > Sp such 



that for all A G Sp we have 



(P(T))(A) 



M XiV TM XtV (A)dxdy. 



Moreover, for all £)* =1 ^4fc ® -Bfc G M fln (g) we have 



Jd Sp <g) P(T)) [J2 A k ® Bft 



, fc=i 



V4® / M x , y TM XiV (B h 
k=i J ° J ° 



)dxdy 



s P (s') 



< ll?1U,S'->S' 



fc=l 
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Thus we see that the linear map P(T) is actually completely bounded and that we have ||P(T)|| cb s i_> s i 



\T\\ cb S i^. s i . Now, for all r,s,k,l £ I we have 



. 27T r 2n 

(P(T)e rs ,e k i) „, sl = 

p ' p* Jo Jo 

f27r r 2n 



M Xj yTM x , y e ra ,eki) i T dxdy 



SLS 1 , 

P ' p 



/ / e- ixr e- iys (M x , y Te rs ,e kl ) dxdy 
Jo Jo ' 1 S p> S p * 



10 Jo 



JO 

2tt 



e -^r e -iy Se i X k e iyl dxdy ^ ^ 



n 



e ix{k-r) dx j 

5rk5 s i(T(e rs ), e M ) SI SI ^ 



°M l - s Uy)(Te rs ,e kl ) sl , 



Then the linear map P(T): Sp — » Sp is a Schur multiplier. Moreover, if T: Sp —> Sp is a Schur 
multiplier, we have P(T) = T. 

Now, if T 6 M n (CB{SVj) and [Afc;]^^;^ 6 M m [S£), with the notations of Lemma [2.11 wc 

have 



2w r 2ir 



JO 



M Xj yT ij M Xj y(A k i)dxdy 



l<k.l<m 



M mn {SL) 



2-7T /.2tt 



JO 
2tt p2ir 



M^x,yPij M- x,y 



M n (CB(S')) 



\[A k i]\\dxdy 



Id M „ ® 9 



(T) 



M„(CB(S£)) 



|[Afei]||(ixd2/ 



IIP 



i<fe,i<m|| Af m (s^) by Lemma [2T] 



Thus we obtain 



M n (CB(S' p )) 



\\(Id Mn ® P)^)!!^^^ = [P(Ty)] ^. i<n 

^ II T 'I|m„(CB(S^))- 

We deduce that the map P: CB(Sp) — > 9Jtp cb is completely contractive. The proof is complete. □ 



Proposition 2.7. i. We have completely isometric isomorphisms 



9t 



2,cb 



flxl 



A 



ml* 



Dy , — > Ma- 
2. Suppose 1 ^ p ^ q 2. W^e /icrae injective completely contractive maps 
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Proof. 1) By minimality, we have a completely contractive map QJt^ cb — > i 1 ^ 1 ■ We will show that the 
inverse map is completely contractive. We have a complete isometry 

e z -> B(Sl)=CB(C IXI ) 
A i — > M A . 

Now we know that (Rixi)* = Cixi- Then we deduce a complete isometry 

i£ J — ► CB(C IxI ) — > CB(R IxI ) 
A .— > M A .— > (M A )*=M A . 

By interpolation, we deduce a complete contraction 

4 x ^(CB(C 7x; ),CB(iJ ;x/ )), 

2 

Recall that we have (Cj x / , Rixi) i = 5*2 completely isometrically (see [21] pages 137 and 140). Then 

2 

we have a complete contraction 

(<7 J B(C IX/ ),aB(# IxJ )) i -> ob(s|). 

Finally, we obtain a complete contraction — > Ci?(5|). We obtain the other isomorphism by 
duality. 

2) Let 1 ^ p ^ q < 2. Recall that we have a contraction from 971^ cb into OTj cb ( see EH] 
page 219). Moreover we have DJl^ cb = i 1 ^ 1 completely isometrically. Thus we have a complete 
contraction DJl^ cb — > SDTj cb - Now, there exists < 9 < 1 with fi£ = (Sp*, S*|) e . Moreover, the identity 
mapping Wl^ cb — > DR^ cb is completely contractive. By interpolation, we obtain a complete contraction 
cb ~^ (^p c&i ^2 ch)^- On one hand, we know that we have a complete contraction 

(cB(S I p ) 1 CB{S I 2 )) e -> Ci?((s£,S£) fl ) - CB(^). 

On the other hand, the space 971^ cb of completely bounded Schur multipliers is 1-completely comple- 
mented in the space CB^S 1 ^. Then we have a complete contraction (971^ cb , DJl^ cb ) e — > 971^ cb . By 
composition, we deduce that we have a complete contraction 371^ cb C 2tg cfr We obtain the other 
completely contractive maps by duality. □ 

3. Non commutative Figa-Talamanca-Herz algebras 

We begin with the cases p — 1 and p — 2. Recall that we have a completely isometric isomorphism 
fR{ cb — l\ ®h^[ (see (|2.ip ) and a completely contractive inclusion 9l{ cb C S*f . Hence, the trace on S[ 
induces a completely contractive functional 

Tr : l[® h ll —> C 

Gi £v 6^' I ^ ■ 

By tensoring, we deduce a completely contractive map 

Id^ ® Tr <g)I<^i : 4 £^ ® fe ® ft ^ ^ ® h l{. 
By composition with the canonical completely contractive map 
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we obtain a completely contractive map 

Id l{ ® Tr ®Id l{ : {t[ ® h £{)§(i{ ® h t[) -> l{ ® h i{. 
With the identification 91 { cb — l\ ®h £{, we obtain the completely contractive map 



ml 
AB. 



This means that the space 9t{ cb equipped with the matricial product is a completely contractive 
Banach algebra. Now, recall that we have 91^ c i, — completely isometrically. Then, by a similar 

argument, VX^ cb equipped with the matricial product is also a completely contractive Banach algebra. 
For other values of p, the proof is more complicated since we do not have any explicit description of 



mi 



In the following proposition, we give a link between 9^ cb and 91* *£. 
Proposition 3.1. Suppose 1 ^ p < oo. Then there exists a canonical complete contraction 



^p,cb®^p,cb 



91 



Ixl 
v p,cb 

A®B. 



Proof. The identity mapping on 5* ® S^ extends to a complete contraction S^®S^ — > Sp(Sp). Hence 
by tensoring, we obtain a completely contractive map 

(3: S^S^S^S 1 ^ -y S£(S£)®5£. ($£.)• 

The map Sp®Sp~, — » D\ p cb is a complete quotient map. By Proposition 7.1.7], we obtain a 
complete quotient map 

Finally, by the commutativity of <g>, the map 



A (g> B ® C (g> D 



S I p®Si®Sj ) ,®Sp', 
A®C®B®D 



is completely isometric. We will prove that there exists a unique linear map such that the following 
diagram is commutative and that this map is completely contractive. 



s*®s p :®Sp',®Sp'* 







Sp(Sp)®Sp*(Sp») 



9t J 



I 

p : cb 



7x7 



p,cb 



We have 9* 7 , cf) §)91 / ) c6 = (S^®S^®S^§iS^) /Ker ® Vp) completely isometrically. It suffices to 
show that Ker <g> ^) C Ker (i/>p X/ /3a). By [7J Proposition 7.1.7] , we have the equality 



Ker (ipp <g> V'p) = closure (Ker (^) (g) Sp~§>Sp, 



Si 



iSp» 



Ker (V£ 
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Since the space Ker (tpp Xl f3a) is closed in Sp®Sp*®Spf%>Sp, , it suffices to show that 

Ker ® S£®S£. + S^§S> ® Ker (^) C Ker (^ x/ /?a). 

Let E £ Ker (ipp) !%i Sp®Sp* . There exists integers n,, rrij, matrices C;j € Sp and B k ^, Dij G Sy, 
such that the sequences 

f y ® S M J and 1^ Cij <g A,j J 

\fe=i / V ;=i / j^i 

are convergent in Sp®Sp* , 



fe=i / V ;=i 



£ = lim V A k . t <g B M <g lim V C z . 3 <g A 

and 



Then, in the space S( , we have 

V4,*4, >0. (3.1) 



i— f+oo 
fe=l 



Moreover, note that, by continuity of the map ?pp '■ &p®Sp* ~> S(, the sequence I y * Dij ] 
is convergent. Now, we have 



^ p XI f3a(E) = ^ p xl (3a[ lim V A Kl ® B kti ® lim V C,j ® D,j 

= lim lim V V i) I * I Pa(A k , i ®B k , i ®Ci tj ® D Lj ) 
fc=l i=l 

= lim lim y y ^ x7 (A M (gCy ; <g> £ M <g> A,,) 
= lim lim y y (A M (g) C; j) * (B M ® D,j) 
= lim lim ^ ^] * ® (Qj * 



Hoc ' 

k=l 1=1 



lim y A k ^ * B kA ® lim y Cij * A 
= by (3.1). 



We prove that Sp®Sp* <S> Ker (^) C Ker (ipp Xl /3a) by a similar computation. The proof is complete. 

□ 
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Now, we define the map V : 



l/ n by V(e^ ®e u )= 5 kl e lk ® e kj . 



Proposition 3.2. With respect to trace duality, the map W : Mf n <g> Mf n ->■ Mf n (g) Mf n defined by 

W(eij <S> e fc ;) = 5jfc e« e^- 
is t/ie dwa/ map o/ V. Moreover, the map V induces a partial isometry V: S| <S>2 5*2 ~~ ^ ^2 ®2 ^l- 
Proof. For all i, j, fc, Z, r, s,t,u G 7, we have 

Tr (v(eij <g> e fe( )(e rs ® e ttt ) T ) = 4; Tr ((e ife ® e kj )(e^ s ® e£,)) 

= 4*Tr (e ife e^)Tr (e fej ef„) 

fiklst^irfiju 



and 



Tr 



((e,j ® e fe/ )(V^(e rs ® e tu )) T ) = 5 at Tr ((e^- ® e k i)(e ru ® e ss ) T ' 

= 4tTr (e^e^) Tr (e fei ej s ) 

We conclude that W is the dual map of V. The fact that V induces a partial isometry is clear. □ 

Proposition 3.3. Suppose 1 < p < oo. TTie maps V : Mf n ® Mf n ->• Mf n ® Mf 11 and : Mf n ® Mf 11 -> 

Mf n ® Mf n admit completely contractive extensions V : S^(S^) -> S^p) and VF: S'(S^) ->■ S^(S^). 

Proof. We first prove that V and W admit completely contractive extensions from S^S^,) m to 



SioiSi,). Suppose that B = Y,i,j,k,leJ b ^l ® e« ® e fci G M fin ® Mf n ® Mf n with J G £>/(/) and 
frjjfc; G Mfi n for all k,l G J. Note that the matrix [/ = ^ e rs ® e sr of S^S^J is unitary. Then 

we have 



(Jd Soo ®lO(B) 



^ &ijfcfc ® e ifc ® ejy 



Soo(S4(S^)) 



\ Vr.seJ / / \i,j,keJ / 



^ ^ bijkk & &rs&ik & &sr&kj 
r,s,i,j,k£,J 



i,j,k£j 



fee J 



jkk 09 e ij 



S^(Soo(SD) 



= max 

feej 



Soo(s£,(s£,)) 



(submatrices) 
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and 



{Id Soo <8> W){B) 



i,j,ieJ 



\i,j,ieJ / 



S=(SL(S4,)) 



r,s,i,j,l,t,u£J 



i,j,ieJ 



= max 



^ 6ijfe; ® efej ® 

i,j,k,l£j 



(submatrices) 



^ ® ( ers ® esr J J ( & ^ 

V \r,s£j J ) \i,j,k,leJ 



ijki <x> efej » e« 



Soo(S^(S^)) 



^ ^ fr-ij'/d £rs&kj ® ^-sr&il 
r,s,i,j,k£j 

= ll-Sllsoo^s^)) 



Then we deduce the claim. Hence, by duality, the maps V* : S[(S[) and VK* : S[(S[) -> 

S[(S[) are completely contractive. Moreover, we know that W — V*. By interpolation between p = 1 
and p = oo, we obtain that the maps V: S*(S*) ->■ ^(Sp) and VF: Sp(Sp) ->■ Sp(S'p) are completely 
contractive. □ 



Now, we define the linear map 

A : 



JM/x/ 

[a ts 



Proposition 3.4. Let 1 ^ p ^ oo. Suppose that Ma - Sp Sp is a completely bounded Schur multiplier 
on Sp associated with a matrix A of Mi. Then the map V(MA®Idsr)W is a bounded Schur multiplier 
on Sp(Sp). Its associated matrix is A(A). 
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Proof. If i,j,k, I £ I and Ma E Tip cb , we have 

M &(A){eij ® eu) = f [0t*^r](t,r),(u,a)6Jx/J * M^it^ju^fer^s](t,r),(«,s)e/xl 

= SjkOneik 8> efcj 

and 

y(M A <g> 7d s j)W(e y <g> e fc; ) = £ 3 - fc V(M,i <g> Id s i){eu <g> e M ) 

= 5j k auV{e t i ® e kk ) 

= SjkO-ueik® e-ki- □ 

Recall that, for all operator spaces -E and i* 1 , the map i?<g)TH>i?<g)T is completely contrac- 
tive from CB{E)®CB{F) into CB(E ® min F) and from CB{E)®CB{F) into CB(E®F) (see 4, 
Proposition 5.11]). 

Proposition 3.5. Suppose 1 p ^ oo. Let /, J be any sets. The map 

CB{S I p ) — > CB{S I p {Si)) 

T i — ► T ® Jd s j 

is a complete contraction. 

Proof. By definition, we have S^^Sp) = <8) m in and S^ySp) = S(<giSp completely isometrically. 
Then we obtain two complete contractions 

OB(S') — > Cfl(S£)§CB(;S*) — > CB(S£(S*)) 

T i — ► 7d s j <8) T i — ► 7d S j <g> T 

and 

CB(S£) — > CB(Si)®CB(S^) — > CB(Si(S$) 

T i — ► W s j ® T i — >• 7d s j <8> T. 

By interpolation, we obtain a completely contractive map 

-> (CB(Si(Sl)),CB(Si(S}))) k . 

P 

We conclude by composing with the complete contraction 

and by using the Fubini's theorem (see [HI Theorem 1.9]). □ 



Remark 3.6. It is easy to see that this map is completely isometric. 
The next theorem is the principal result of this paper. 
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Theorem 3.7. Suppose 1 ^ p < oo. T/ie space JH^ cfc equipped with the usual matricial product is a com- 
pletely contractive Banach algebra. More precisely, if A and B are matrices of Pt^ cb andi,j G /, the 
limit \im j ^2 kG j aikbkj exists. Moreover, the matrix A. B o/Mj defined by [A.B]ij = limj X^fce J a ikbkj 
belongs to 9^ cb . Finally, the map 



^p,cb^ 



'^■p,cb 



A®B 



mi 
AB 



is completely contractive. 



Proof. We have already seen that it suffices to prove the theorem with 1 < p < oo. If Ma £ 9ftp cb , 
by Proposition ^. 4[ we have the following commutative diagram 



Sp(Sp) 



M. 



A(A) 



w 



M A ®Id, 



rlxl 



w*-continuous. We denote by A* : W p 
i,j S / and for all matrices A, £? of Mf n 



By Proposition |3H1 the map Ma i-> Ma <g> Ids/ is completely contractive from 9Jt^ cb into 9Jtp cb - 
Moreover it is easy to see that this map is w*-continuous. Since Sp(Sp) is reflexive, by Lemma f2.ll 
and by composition, the map Ma >-> Ma(a) from 9Jlp cb into 9Jlp X J, is a complete contraction and is 

lp cb its preadjoint. Now, by Lemma \2l>\ we have for all 

M eij ,A*{A®B)) 
M A(eij) ,A®sJ 

[5it«ja5ur](t,r),(n,a)eIXJ-' [ fl tlAs] (i,r), (u, S ) £/X JXI IXJ 



[A.(A®B)] 



/ OT 7 . M' . 

p , CO ' p , CD 



DJl IX {,9\ IXI , 

p , CO ' p , CO 



Mi 



= lim^] 
- [AB]*,-. 

Thus we conclude that, if A, B e Mf n , we have A* (A <g> S) = AB. By Proposition EH] and by density 
of Mf n ® Mf n in O^cfeS^ci,, we deduce that the map 



jfin 



admits a unique bounded extension from 



^p.cb 

A® B 



nil 
■^p.cb 

AB 



p,cb 



lD\p cb into D\p cb . Moreover, this map is completely con- 



tractive. Finally, we complete the proof by a straightforward approximation argument using Lemma 
I2~5l " □ 
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Remark 3.8. We do not know if the space D\p equipped with the usual matricial product is a Banach 
algebra. The Banach space analogue of Proposition 13.51 is false. It is the reason which explains that 
the method does not work for D\ p . However, note that if DJl p = 9Jl p cb isometrically we have D\ p — W p cb 
isometrically. For l<p<oo,p^2 the equality 9Jtp = VJl 1 cb is a classical open question. 



4. Schur product 



In this section, we replace the matricial product by the Schur product. First, it is easy to show the 
following proposition. 

Proposition 4.1. Suppose 1 ^ p < oo. The Banach space d\ p equipped with the Schur product is a 
commutative Banach algebra. 

Proof. It suffices to use the equality (|2.2p and the fact that S p equipped with the Schur product is a 
Banach algebra (see [3] page 225). □ 

Now we will show the completely bounded analogue of this proposition. We define the pointwisc 
product 

P : l{®t[ — > t[ 
a ® Cj i > Sijei. 

This map is well-defined and is completely contractive (see [3] page 211). Then, by tensoring, we 
obtain a completely contractive map 



P®P: (£{&£{) ® h (l{®£{) -> t{ ®h l{. 



(4.1) 



By (8j Theorem 6.1], the map 



a ® b ® c ® d 



® ah 4>)®(4> ®«h C) 

a ® c ® b ® d 



is completely contractive. Moreover, by [U (5.23)], we have the following commutative diagram 



By [SJ Theorem 4.2], |H] Theorem 5.3] and by duality, we deduce that the map 

{£[ ® h £[) ® (t{ ®h i{) — > {£[®£[) ®h (£{®£{) 

a®b®c®d i — > a® c®b® d 



is well-defined and completely contractive. Composing this map and (|4.ip . wc deduce a completely 
contractive map 

{£{ ® h i[)® {£[ ® h i{) — > ^ ® ft 4 

a(g)6®c®d i — > P(a®c)®P(b®d). 
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With the identification 5H{ cb = l\ %h £[, we obtain a completely contractive map 

A®B i — ► A* 5. 

This means that W 1 cb equipped with the Schur product is a completely contractive Banach algebra. 
Now, recall that we have 9^ c b ~ completely isometrically. Then, by a similar argument, fR^ c f, 

equipped with the Schur product is also a completely contractive Banach algebra. We will use a 
strategy similar to that used in the proof of Theorem 13.71 for other values of p. 

We start by defining the Schur multiplier Me- Sp~(Sp) — > Sp(Sp[) associated with the matrix 
E = [Srt5su](t,r),(u,s)eixi of M/ x /. It is not difficult to see that Me is a completely positive contraction. 
Note that, for all i, j, k,l € I, we have 



M, 



;(e*j <8>efcz) — ([S r tS su ](t,r),(u,s)elxI^ * f [^t^'u<5fcr<^s](i,r),(u,s)elxl) 
= SikSjl[SitSj u 6k r Sls](t,r),(u,s)eIxI 

= Sik5jie i: j <g> eui- 

Now, we define the linear map 

r) : Mi — ► M /x/ 

Proposition 4.2. Let 1 ^ p oo. Suppose that Ma '■ Sp — > Sp is a completely bounded Schur multiplier 
on Sp associated with a matrix A. Then the map Me(Ma (8> Idgi)ME is a bounded Schur multiplier 
on Sp(Sp). Its associated matrix is rj(A). 



Proof. J£i,j,k,l <E I and Ma £ cb , we have 



M v (A){Zij ®e-kl) — ([arsSrtSsu](t,r),(u,s)£lxI^J * ([SitSj u 5k r Sls]{t,r),{u,s)eIXlJ 
= SikSjiOij [SitSj u 8krSls}(t,r),(u,s)eIxI 

= <\ i ® &u (4.2) 



and 



M E {M A ® Id s i)M E {e l] <g> e H ) = S tk 5jiM E (MA ® Id s ,)( &ij 59 &kl) 

= SikSjictijeij fg) eki- □ 

Theorem 4.3. Suppose 1 ^ p < oo. The space iDt:, cb equipped with the Schur product is a commutative 
completely contractive Banach algebra. 
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Proof. We have already seen that it suffices to prove the theorem with 1 < p < oo. If Ma € SH^ cb , 
by Proposition 14. 2 [ we have the following commutative diagram 



si si 



M E 



S p( S p) 



AL, 



Me 



S P ( S p) 



We have already seen that the map Ma H> Ma ® Idgi is completely contractive from 931^ cb into 



^pcb an< ^ w*-continuous. Since 5^(5^) is reflexive, by Lemma [2.11 and by composition, the map 
Ma h- M,^) from dJl ! p cb into £01 is a complete contraction and is w*-continuous. 

We denote by 77* : 9tp ~> c b its preadjoint. Now, by Lemma [231 we have for all i,j € I and 
for all matrices A, B of Mf n 



[^(^®B)] . = (M ey> » 7 ,(A®B)) 



= ( M [SirS ]s S rt 8 su ] {ttrh(UtS)eIXI , [atubrs](t,r),(u,s)elxl) Ixl Ixl 
— Ojijbij 



Thus we conclude that if A, B G Mf n we have 77* (A <g) 73) = A* B. By Proposition 3.1 and by density 
of Mf n ® Mf n in JR£ iC6 ®9t* c5 , we deduce that the map 



Mf n ® Mf 11 



7x7 »7.. 



P,cb 

A®B 



f»7 

A* B 



admits a unique bounded extension from D\ ! p c f,€59^, c f, into 9tp cb . Moreover, this map is completely 
contractive. Finally, we complete the proof by a straightforward approximation argument with Lemma 
[231 □ 



Now, we will give a more simple proof of this theorem. It is easy to see that r\ induces a completely 
isometric map rj: S* S*(Sp). Moreover, by the computation (|4.2[) . its range is clearly 1-completely 
complemented by Me- Sp(Sp[) —> Sp[Sp). We denote by 77" 1 : r]{Sp{Sp)) — > Sp the inverse map oil]. 



Noncommutative Figa-Talamanca-Herz algebras 



21 



For all B £ r][S p (Sp)), we have 7]~ 1 (B) = [b( r ,r),(s,s)] r seI - Finally, for all i,j,k,l £ / we have 
r\M A rr x M E {eij <g> e H ) = 5 ik 5 :j ir]M A n~ 1 (eij (g) e k i) 

— ^ikSjirjMAfl^ 1 (^[5itSj u 5krSls](t,r),{u,s)eIx?j 
= SikSjirfMAUiirSjaSjerdialr^i t 



— Sik5jiaijr]^[S ir Sj S SkrSis}r,sei 
= SikSjidijeij ® efci 

where we have used the computation (|4.2[) in the last equality. 
Hence we have the following commutative diagram 



Ma 



SI 



We conclude with an argument similar to that used in the proof of Theorem 



5. Isometric multipliers 

The next result is the noncommutative version of a theorem of Parrott [17] and Strichartz [27 j which 
states that every isometric Fourier multiplier on L p (G) for 1 ^ p ^ oo, p 2, is a scalar multiple of 
an operator induced by a translation. 

Theorem 5.1. Suppose 1 ^ p ^ oo, p ^ 2. An isometric Schur multiplier on S p is defined by a matrix 
[dibj] with a,i,bj £ T. 

Proof. Suppose that Mc is an isometric Schur multiplier on the Banach space S p defined by a matrix 
C. First, we observe that Mc is onto. Indeed, for all i, j £ /, we have Mc(eij) = CijCij. Then ^ 
since Mc is one-to-one. Consequently belongs to the range of Mc- By density, we conclude that 
Mc is onto. 

Now we use the theorem of Arazy [1] which describes the onto isometries on S p . Then there 
exists two unitaries U — [uij] and V ~ [%] of Byl^) satisfying for all A £ S p 

C*A = UAV or C * A = UA T V. 
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Examine the first case, we have for all k, I S / 

Ue k iV = C * e k [. 
Hence, for all i,j £ /, we have the equality 

[Ue k iV]ij =[C* e k i]ij. 

Since 

[Ue k iV]ij = u ik vij 

we have 

{cm if i = k and j = I 
if i± k or if j ^ i. 

Then UkkVu = cm- Each c^; is non null since the image of each e« by the map Mq cannot be null. 
Then, for all k and all /, we have Ukk 7^ and vu ^ 0. And for i ^ k, we have UikVu — 0. Then if 
i k, we have Uik — 0. Now if j ^ I, we have UkkVij = 0. Then if j ^ I, we have = 0. Finally, for 
all i, j G /, we define the complex numbers ttj = uu and 6j = Wjj. Since the diagonal matrices U and 
V are unitaries, we have dj, 6^ 6 T. Thus we have the required form. 
Examine the second case. We have for all k,l E I 

UeikV = C * e k i- 

We deduce that, for all k,l € I, we have 

[Uei k V]ij = [C * e k i]ij- 

Since 

[UeikV]ij = -Uiiffcj 

we obtain UkiVki = Cki and uuVkj — if i ^ fc or if j ^= I. Each c^; is non null since the image of each 
efcz by the map Mq cannot be null. Then for all k, I we have Uki ^ and vu ^ 0. Thus the second 
case is absurd (if card(I) > l) . 

The converse is straightforward. □ 

Remark 5.2. It is easy to see that an isometric Schur multiplier on S*! is defined by a matrix [a^] with 
dij G T. 

The next result is the noncommutative version of a theorem of Figa-Talamanca [10] which states 
that the space of bounded Fourier multipliers is the closure in the weak operator topology of the span 
of translation operators. 

Theorem 5.3. Suppose 1 ^ p < oo. 

1. The space DJl^ cb of completely bounded Schur multipliers on Sp is the closure of the span of 
isometric Schur multipliers in the weak* topology and in the weak operator topology. 

2. The space StJlp of bounded Schur multipliers on Sp is the closure of the span of isometric Schur 
multipliers in the weak* topology and in the weak operator topology. 

Proof. We will only prove the part 1. The proof of the part 2 is similar. 

It is easy to see that an isometric Schur multiplier on Sp is completely isometric. This fact allows 
us to consider the span of isometric Schur multipliers in 9Jlp cb . Let C be a matrix of $tl cb - Suppose 
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that C belongs to the orthogonal of the set of isometric Schur multipliers. Thus, we have for any 
isometric multiplier M[ ai (,.] (with di,bj G T) 

= (M [aib . h c) 

p , co ' p,cb 

= lim dibjCij. 
i.jeJ 

Let io, jo be elements of /. Now, we choose the a^'s, b/s, a'^s and b'j's such that a, = 6^ = 1 for all 
i, j G /, a\ = —1 if i =/= iq, a' io — 1, b'j = —1 if j ^ jo and 6j o = 1. Then, we have 

= lim aibjCij + lim fXi^-Cy + lim a'ibjCij + lim a^Cy 

iJ£J i,j£J iJ£J hj£J 

— Ac- ■ 

Hence Ci j = 0. It follows that C = 0. Then, we deduce that the space OJl^ cb of completely bounded 
Schur multipliers is the closure of the span of isometric Schur multipliers in the weak* topology. 
Moreover, this topology is more finer that the weak operator topology. Thus, we have proved the 
theorem. □ 
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